Tow Truck
Work and Energy / Feedback and Control / Numerical Integration
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Overview:

In this activity, you will use a robot equipped with position and force sensors to complete various tasks. In most cases, the tasks will be assigned to the robot by specifying the amount of work to be done, giving the work in units of joules.
Background:

The work done by an object can be defined by the equation, W = F d cos θ, where F is the force provided by the object, d is the distance the object moves, and θ is the angle between the direction of the force, and the direction of the movement. In this activity, the object doing the work will always be the robot and the direction of the movement will always be either in the same direction or in the opposite direction to the force. When the robot moves in the same direction as the force, θ is zero and W = Fd. When the robot moves in the direction opposite to the force, θ is 180° and W = -Fd.
The calculation of work becomes more complex in situations where the force is not constant, for example in stretching a spring or towing a trailer over uneven terrain. The advanced analytical solution for these cases comes through integral calculus, which would allow us to find the total work done as the robot moves through an infinite number of infinitesimally small displacements, each with a unique, instantaneous force. In many practical applications, however, even integral calculus falls short of providing a suitable solution. One practical problem is that the force can sometimes vary in ways that are too complex for analytical description. A second practical problem is that no real apparatus can actually make an infinite number of instantaneous measurements. All real measurements of force and displacement consists of a finite number of discrete measurements. There might be thousands or millions of measurements made at intervals as short as 10 μs or less, but this data is still just an approximation using discrete values at discrete intervals. “Numerical integration” is a set of standard methods which can be used to approximate the work done by the robot by adding together a large number of small, discrete measurements of force and displacement. In symbols, W = Σ F Δx, where the force, F, varies from one interval to the next but where F is assumed to be constant within each small interval. (An variety of different techniques can be used to find the best approximation of F within each interval.)
In the graph below, the smooth curve represents a force which varies continuously in a complex way. The line segments show a rough approximation to that force, obtained by calculating the midpoint between the beginning and ending points for each 1-m interval. The analytical calculation of work during this entire 4-m displacement is 213.33 J, represented by the area under the smooth curve. The sum over 4 intervals each 1 m long is 220.00 J, an error of 3%. On the other hand, if the same method is used with 40 intervals each 0.1 m long, the approximation yields 213.35 J, an error of less than 0.01%
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The robot in this activity can measure force and displacement once every few seconds, with the period dependent upon the specific calculator being used. Different calculator models perform differently and the processing speed also changes depending upon the amount of free memory in the calculator. The processing speed can certainly be increased by using more expensive equipment, but the fundamental limits still apply. People who use expensive equipment to collect and analyze data are particularly anxious to find calculation methods which make their equipment as effective and efficient as possible.
PART 1   Work Done against Gravitational and Elastic Forces
Gravitational and elastic forces are conservative, in the sense that energy used to lift a weight or stretch a spring can potentially be recovered when the weight or the spring returns to its original position. For each of the four tasks in this part, your instructor will help you to specify the physical job to be done by the robot. For each robot task, (1) describe clearly the physical result which the robot is to achieve, (2) calculate the needed change in mechanical energy of the mass, the spring or the mass-spring system, and (3) determine the quantity of work which the robot needs to deliver. After the robot has completed each task, compare the results with your predictions.
Tow Truck
REPORT FORM (Part 1)
NAME(S)  ____________________________________________________________________

Task 1 – Lift a mass

Mass: 

_________

Initial height:
_________

Final height: 
_________

1. Describe the task in words and with a sketch.

2. Calculate the initial and final mechanical energies of the mass. Show your calculations or otherwise justify values for each of the energies in the table.

	
	Gravitation Potential Energy

UG
	Elastic Potential Energy

UE
	Kinetic

Energy

K
	Total Mechanical Energy

E

	Initial
	
	
	
	

	Final
	
	
	
	


3. How much work is required from the robot? __________________

4. Did the energy delivered to the mass by the robot match the change in mechanical energy of the mass? Explain your answer.

Task 2 – Lower a mass

Mass: 

_________

Initial height:
_________

Final height: 
_________

5. Describe the task in words and with a sketch.

6. Calculate the initial and final mechanical energies of the mass. Show your calculations or otherwise justify values for each of the energies in the table.

	
	Gravitation Potential Energy

UG
	Elastic Potential Energy

UE
	Kinetic

Energy

K
	Total Mechanical Energy

E

	Initial
	
	
	
	

	Final
	
	
	
	


7. How much work is required from the robot? __________________

8. Did the energy delivered to the mass by the robot match the change in mechanical energy of the mass? Explain your answer.

Task 3 – Stretch a Spring
Determine the spring constant, k

Unstretched position:
_________

Force applied: 

_________

Stretched position:
_________

9. Find the force being provided by the stretched spring at its new equilibrium point and find the spring constant, k. Show your calculations clearly.

k =
_________

Find the energy to stretch the spring
Initial position:
_________

Final position: 

_________

10. Describe the task in words and with a sketch.

11. Show your calculations or otherwise justify values for each of the energies in the table.

	
	Gravitation Potential Energy

UG
	Elastic Potential Energy

UE
	Kinetic

Energy

K
	Total Mechanical Energy

E

	Initial
	
	
	
	

	Final
	
	
	
	


12. How much work is required from the robot? __________________

13. Did the energy delivered to the mass by the robot match the change in mechanical energy of the mass? Explain your answer.

Task 4 – A Spring and Mass 
Mass: 


_________

Initial position:
_________

Final position: 

_________

14. Describe the task in words and with a sketch.

15. Calculate the initial and final mechanical energies of the spring-mass system. Show your calculations or otherwise justify values for each of the energies in the table.

	
	Gravitation Potential Energy

UG
	Elastic Potential Energy

UE
	Kinetic

Energy

K
	Total Mechanical Energy

E

	Initial
	
	
	
	

	Final
	
	
	
	


16. How much work is required from the robot? __________________

17. Did the energy delivered to the mass by the robot match the change in mechanical energy of the mass? Explain your answer.

PART 2   Work Done against Friction
Frictional and fluid drag forces are nonconserverative. Energy used in doing work against frictional or drag forces is never destroyed, but it becomes less organized and cannot be recovered in the same way that gravitational potential energy and elastic potential energy can be recovered.
The robot software uses feedback algorithms to search for the correct final position. You may have noticed, for example, that in lifting a weight or stretching a spring the robot sometimes “overshoots” and then backs up to find the correct location. If the robot has delivered too much energy, for example, it retrieves that excess energy by moving in the opposite direction.
 This strategy of reversing motion to recover energy is not effective when friction is the dominant opposing force.
Non-conservative forces such as friction also present a different kind of calculation challenge. While the work done by conservative forces (including gravitational and elastic forces) can be treated as a “potential energy” and calculated entirely from the initial and final states, work done by non-conservative forces must be based on a more detailed knowledge of the forces and on the specific route from the initial to the final position.
· For each of the two tasks in this part, describe clearly the physical result which the robot is to achieve and calculate the total change in mechanical energy of the block.
· Carry out the movement by specifying the displacement or displacements and record the work done by the robot during each phase.
· Compare the work done by the robot to the change in mechanical energy of the robot and answer the other questions.
Tow Truck
REPORT FORM (Part 2)
NAME(S)  ____________________________________________________________________

Task 5 – Move a Block Horizontally
Mass: 


_________

Initial position:
_________

Intermediate position: _________

Final position: 

_________

1. Describe the task in words and with a sketch.

2. Calculate the initial and final mechanical energies of the block. Show all of your calculations or otherwise justify values for each of the energies in the table.

	
	Gravitation Potential Energy

UG
	Elastic Potential Energy

UE
	Kinetic

Energy

K
	Total Mechanical Energy

E

	Initial
	
	
	
	

	Final
	
	
	
	


3. How much work was done by the robot during the first displacement?  __________________

4. How much work was done by the robot during the second displacement?  _______________

5. Did the total energy delivered to the block by the robot match the change in mechanical energy of the mass? Explain why not.

6. Aside from the robot, what other external object did work on the block as the block moved? How much work was done by this second external object?

7. Find the force exerted on the moving block by the second external object, including both magnitude and direction.

8. Draw 2 free body diagrams for the block, clearly identifying each force.

	As the robot pulled the block forward
	As the robot pushed the block backwards


Task 6 – Block on a Ramp

Mass: 


_________

Angle of incline: 
_________

Initial height:

_________

Final height: 

_________

9. Describe the task in words and with a sketch.

10. Calculate the initial and final mechanical energies of the mass. Show all of your calculations or otherwise justify values for each of the energies in the table.

	
	Gravitation Potential Energy

UG
	Elastic Potential Energy

UE
	Kinetic

Energy

K
	Total Mechanical Energy

E

	Initial
	
	
	
	

	Final
	
	
	
	


11. Did the energy delivered to the mass by the robot match the change in mechanical energy of the mass? Explain why not.

12. Aside from the robot, what other external object exerted a non-conservative force on the block as it moved? How much work was done by this non-conservative force?

13. Find the non-conservative force exerted on the moving block, including both magnitude and direction.
14. Draw a free body diagram for the block, clearly identifying each force.

	As the robot pulled the block up the ramp


General Questions:

15. The algorithm which controls the motion of the robot uses “proportional feedback,” causing the robot to move more slowly as it approaches the target location. Why is this more effective than always letting the robot move at maximum speed?

a. Look carefully at the graph on page 1 which shows both the details of a force and its approximation as four, 1-meter segments.

b. In the graph, the force during each segment is estimated to be midway between the measured forces at the beginning and end of the interval. Why is this better than just using the force at the start of the interval?

c. During which of the four segments does the estimated work match most closely the actually work? Justify your answer.

d. During which of the four segments is error in the estimate largest? Justify your answer.

16. Where did the robot get the energy it needed to perform work?
17. After all the objects used in the activity have been returned to their normal storage location, where will the used energy be located?
18. Explain in your own words why there is no such thing as “frictional potential energy.”
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� Unfortunately, the robot cannot put the recovered energy back into its batteries, but some advanced vehicles actually do brake in a way that recharges their batteries rather than converting the excess kinetic energy to waste heat.
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